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We determine the physical processes promoting and contrasting the growth of a density fluc-
tuation in suspensions of repulsive active Brownian particles, and determine the spinodal line by
balancing the associated timescales. Particle motility both promotes density fluctuations, fostering
the encounter of particles with opposing self-propelling directions, as well as the homogeneous one,
allowing the particles to drift apart. The homogeneous phase is also promoted by the rotational
diffusion coefficient. The predicted U-shaped spinodal line well compares to numerical simulations,
in both two and three spatial dimensions.
Many biological and synthetic systems of self-propelled
particles exhibit a transition from a homogeneous state
to one in which a high-density phase coexists with a low-
density one [1–3]. While diverse physical processes might
be responsible for the observed transition, the bare pres-
ence of motility is enough to induce it [4]. Indeed, a
motility induced phase separation (MIPS) is observed
when the interaction between the particles is purely re-
pulsive, and does not promote the alignment of the self-
propelling directions. The prototypical example is the
active Brownian particles (ABP) model, which consists of
spherical self-propelled particles interacting via excluded
volume forces, and subject to thermal noise [1, 5–9]. The
physical processes that influence the motility induced
phase diagram of this model are however controversial:
motility certainly promotes the phase separated phase,
but what are the competing physical processes promot-
ing the homogeneous phase? Two scenarios have been
considered in the literature. One possibility is that the
homogeneous phase is promoted by the rotational motion
of the self-propelling directions of the particles, which is
controlled by the rotational diffusion coefficient Dr. In-
deed, by rotating their self-propelling directions particles
in the rim of a dense cluster may escape from it [4, 7, 10–
12]. This process gives rise to a flux of particles from
the dense to the less dense phase promoting the homoge-
neous phase. By balancing this flux and the reverse flux
of particles migrating towards the denser phase, which
is controlled by the activity, Redner et al. [7, 12] pre-
dicted a low density binodal line of ABPs in good agree-
ment with numerical results, but made no prediction on
the location of the critical lines and on the upper bin-
odal line. The other possibility is that the translational
rather than the rotational noise promotes the homoge-
neous phase. This is suggested by the continuum equa-
tion for the evolution of the (coarse-grained) density and
polarization fields [1, 8, 13–16]. The continuum approach
predicts a U-shaped spinodal line in the activity-density
plane, and in particular both the divergence of the lower
spinodal line at a finite density ρm > 0, as well as the
existence of a critical point. However, this approach un-
derestimates [4] the minimum value of the activity at the
critical point by a factor ≃ 10.
In this manuscript we develop a kinetic approach to
predict the spinodal line of ABPs. We identify the dif-
ferent physical processes that control the dynamics of
the density fluctuations, either promoting or contrast-
ing their growth, and find the spinodal line by balancing
their associated timescales. The timescales are estimated
in a collisional framework. The resulting prediction for
the spinodal line favourably compares to both two (2d)
and three (3d) dimensional numerical simulations. The
emerging physical picture is that two distinct processes
promote the homogeneous phase. One process is driven
by the rotational diffusion of the particles, as previously
suggested [4, 7, 10–12]. The other one, which dominates
at high activities, is promoted by the activity itself. We
also clarify that thermal noise in translation does not
affect the motility induced phase diagrams, as its associ-
ated translational diffusivity is negligible with respect to
the one induced by the activity through the interparticle
collisions.
We aim at describing the motility induced phase dia-
gram of self-propelled ABPs particles, which evolves ac-
cording to the following equation of motion:
vi =
Fi
γ
+
Fa
γ
nˆi +
√
2Dtη
t
i (1)
ωi =
√
2sDrη
r
i . (2)
Here sDr and Dt = Drσ
2/3 are the rotational and the
translational diffusion coefficients, γr = γ
σ2
3 , η is Gaus-
sian white noise variable with 〈η〉 = 0 and 〈η(t)η(t′)〉 =
δ(t − t′), Fa the magnitude of the active force acting
on the particle and nˆi its direction, Fi =
∑
fij the
2forces arising from the interparticle interactions. In the
absence of interaction and noise, particles move with ve-
locity va = Fa/γ, and do not rotate. The control pa-
rameters are the volume fraction φ, and the Peclet num-
ber Pe ≡ vaDrσ , with σ the average particle diameter. For
Brownian spheres s = 1 in Eq. 2. Here we consider the s
dependence of the phase diagram to perform a stringent
test of our theoretical predictions.
The spinodal line is fixed by the balance of different
physical processes that either promote density fluctu-
ations by allowing distant particles to agglomerate, or
suppress them by allowing close particles to move away
from each other. Here we consider that the density fluc-
tuations that seed the motility induced phase separation
correspond to close particles whose self-propelling direc-
tions point against each other so as to hinder their re-
spective motion. These fluctuations emerge as particles
swimming in (roughly) opposite direction collide. To es-
timate the associated timescale, we consider that parti-
cles have been shown to move along their self-propelling
direction with an effective density dependent active ve-
locity, ve = va
(
1− φφ∗
)
. This has been demonstrated
numerically [1], then related to the anisotropy of the pair-
correlation function [13] and rationalized in term of the
collision rate [16]. In the limit of stiff particles φ∗ can be
identified with the close packing volume fraction. Taking
into account that the number of collisions scales with the
volume fraction, the typical inverse agglomeration time
results
τ−1g = aφ
va
σ
(
1−
φ
φ∗
)
, (3)
where a is a constant of order one. τ−1g vanishes for
φ→ 0, due to the absence of nearby particles, as well as
for φ → φ∗. In this limit particles are stuck, and par-
ticles self-propelling in opposite directions are not able
to meet promoting a density fluctuation. Notice that if
the density induced slowdown is neglected, then τg es-
sentially reduces to the flux of particles assumed to move
from the homogeneous to the dense phase [4, 7, 10–12] in
a phase separated system.
How long a density fluctuations last? Two distinct
physical processes might allow for two close particles with
opposing self-propelling directions to move apart. First,
the self-propelling directions of the particles may rotate,
so that their active velocities drive them apart. This
physical process is related to the mechanisms by which
particles on the rim of an active cluster have been as-
sumed to detach from it [4, 7, 10, 11]. The associated in-
verse timescale of this rotational detaching mechanisms,
which is fixed by the rotational diffusion coefficient, is
τ−1rd = bsDr, (4)
with b a constant of order one.
Secondly, the two particles may move apart without
any change in the orientation of their self-propelling di-
rection. This occurs as the particles may ‘slide off’ each
other, as previously noticed [12, 17], effectively rotating
around their center of mass. This process is promoted by
the interparticle repulsive force, proportional to the ac-
tive velocity, and hindered by the surrounding particles
which slowdown motion. We therefore assume particles
to slide off each other with a velocity proportional to the
effective active velocity. The inverse timescale associated
to this sliding detaching mechanisms is therefore
τ−1sd = c
va
σ
(
1−
φ
φ∗
)
, (5)
where c is a constant of order one.
The spinodal line is fixed by the balance of these time
scales. Precisely, we balance the associated frequencies,
τ−1g = τ
−1
rd +τ
−1
sd , to take into account that the fastest de-
taching mechanism dominates the overall detaching time.
The resulting spinodal line is,
Pe =
As
(φ∗ − φ)(φ − φm)
, s 6= 0 (6)
φ = φm, s = 0 (7)
with φm =
c
a and A =
bφ∗
a . Given that a, b and c are
of order one, so are φm and A, in both 2d and 3d. The
critical point is at φc =
1
2 (φ
∗ + φm), Pec =
4A
(φ∗−φm)2
.
Notice that, since φ∗ − φm ≃ 1/2, the Peclet number
at the critical point is of order 10. We also remark that,
at large Pe, the rotational detaching mechanism becomes
negligible, so that the spinodal line diverges at φm, which
is set by the balance of τg and of τsd. Hence, φm is set
by the balance of two competing processes, both of them
driven by the activity. We finally note that our model
reduces to the one introduced by Redner al. [7, 12] for
the binodal, if one neglects the density dependence of τc,
Eq. 3, as well as the sliding detaching mechanism. The
corresponding theoretical prediction, which is formally
derived from Eq. 7 setting c = 0 and taking the φ∗ →∞
limit, is
Pe =
b/a
φ
. (8)
To validate our theoretical prediction, we perform nu-
merical simulations of ABPs in both two and three spa-
tial dimensions, for a system of particles (polydispersity
2.9%) interacting via a Harmonic potential. We work in
the hard-sphere limit considering stiff particles, the max-
imum relative deformation of a particle being ≤ 10−4
for the range of parameters we have considered. We de-
termine the phase diagram investigating the probability
distribution of the coarse-grained density ρcg(r) in steady
state (the equilibration time is at least 50/Dr). Follow-
ing Ref. [18], we define ρcg(r) by convoluting the number
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FIG. 1: Panel a illustrates the probability distribution of the
coarse-grained volume fraction at φ = 0.4 for different values
of the Peclet number, in two dimensions, for N = 4000. The
coarse-graining length scale is w = 3.5. Panel c shows the
resulting phase diagram, where crosses identify phase sepa-
rated configurations, circle homogeneous ones, and triangles
state points at which we were unable to conclusively asses the
phase. The full line is a fit to the functional form of Eq. 7
with φ∗ = 0.91, φm = 0.25 and A = 1.47, the blue line is Eq. 8
with b/a ≃ 7.5, the red line line is Eq. 10. Panels b and d
illustrate analogous three dimensional results, for N = 10000.
In this case, φ∗ = 0.645, φm = 0.345 and A = 0.60.
density
∑
i δ(r− ri) with f(r) = Z exp[−1/(1− r
2/w2)],
where Z is a normalization factor. We assign a point
in the φ − Pe to a given phase only if simulations with
N and with N/2 particles yield the same local density
probability distribution. When this is so, the state point
is in the phase separated phase if the distribution is bi-
modal, while conversely it is the homogeneous phase. In
two dimensions we consider systems with N up to 32000,
in three dimensions with N up to 64000. Example dis-
tributions of the local volume fraction are in Fig. 1a,b.
Figs. 1c,d show the resulting phase diagram, respec-
tively in 2d and in 3d, for standard Brownian particles
(s = 1), which are consistent with those previously re-
ported in the literature as concern the critical value of the
Peclet number and the typical values of the volume frac-
tions. In both cases the theoretical prediction of Eq. 7
correctly identifies the spinodal line, with the parameter
A being of order one as expected. In the figure we also
illustrate the prediction of Eq. 8, which describes the bin-
odal line in the proximity of the critical point, where the
spinodal and the coexistence line are similar.
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FIG. 2: Phase diagram (spinodal lines) of ABPs, in two
dimensions. With respect to its standard value, the rotational
diffusion coefficient is changed by a factor s = 1/2 in a, and
by a factor s = 2 in b. This does not affect the phase diagram,
if the Peclet number is also rescaled by a factor s.
The spinodal line has also been predicted within a con-
tinuum description. In this approach the coarse-grained
density is found to evolve according to a diffusion equa-
tion with effective diffusivity [1, 8, 14, 15]
D = D −
v2cg(ρ)
2sDr
[
1 +
d log vcg
d log ρ
]
, (9)
so that D = 0 identifies the spinodal line. In the above
equation, D is the diffusivity and vcg the coarse grained
velocity along the polarization direction. Assuming [1,
8, 14, 15] that the coarse-grained velocity behave as the
single particle one, vcg(ρ) = va (1− φ/φ
∗), and that the
diffusivity is density independent, D = Drσ
2/3, one finds
Peconts = −s
1/2
[
3
2
(
1−
φ
φ∗
)(
1−
2φ
φ∗
)]−1/2
, (10)
we illustrate in Fig. 1c. In this parameter-free prediction
the critical point is at φc = 3φ
∗/4, Pec =
√
4/3. As
previously noticed [4], this prediction largely underesti-
mates the critical Peclet number. Here, we also notice
that it predicts φm = φ
∗/2, overestimating the actual
value. A better agreement between the prediction of the
continuum model and of the numerical results could be
obtained treating φ∗ [15] (or φm [8, 9]) as free parame-
ters, and allowing for a presence of a scale factor possibly
associated to an effective diffusivity.
There is, however, a fundamental distinction between
the prediction of Eq. 7 and that of Eq. 10, in that the first
scales as the rotational diffusion coefficient, being propor-
tional to s, while the second scales as s1/2. This suggests
to investigate the s dependence of the phase boundary.
We have performed this investigation in two dimensions,
and illustrate the results for s = 1/2 and s = 2 in Fig. 2.
The phase diagrams in the Pe/s–φ plane of Fig. 1c,
Fig. 2a and Fig. 2b are surprisingly similar, and indeed
we use the same full line to describe the phase boundary.
4We finally consider the case s = 0, which corresponds to
the absence of angular noise. Numerical simulations of
ABPs with no rotational noise have been previously car-
ried out [1, 15]. These works have demonstrated that, in
the hard sphere limit, the absence of angular noise leads
to a vertical phase boundary, φs(Pe) = φm, in agreement
with our theoretical prediction of Eq. 7. Notice that the
continuum model predicts a vertical phase boundary in
the absence of translational noise [15], regardless of the
rotational noise. All of these results appear to strongly
support the validity of the proposed theoretical model.
According to our theoretical prediction the spinodal
line does not depend on the translational thermal noise.
This is consistent with the absence of appreciable differ-
ences between the numerical results obtained consider-
ing translational thermal noise, as we do, or neglecting
it [1, 4, 15]. To rationalize why this is so, as well as
to asses the limit of validity of this result, we compare
the diffusion coefficient of the passive suspension to effec-
tive diffusion coefficients induced by the activity. For the
diffusivity of the passive suspension, our numerical (2d)
results suggest Dp(φ) = Dt(1 − φ/φd) with φd ≃ φ
∗, in
the volume fraction range we have considered. This re-
sult is consistent with the expectation for the low density
behavior of Brownian particles [19]. We associate two dif-
fusion coefficients to the active suspension, by describing
particle motion in the homogeneous phase as resulting
from a sequence of steps alternatively taken from distri-
butions corresponding to two different stochastic process,
describing the motion in between collisions and during
a collision. The stochastic process describing the mo-
tion resulting from the steps performed in between the
collisions is that of a persistent random walk, with per-
sistence time 1/sDr. The corresponding diffusivity D‖
is evaluated, following previous works [1, 16], consider-
ing the steps to have length l = vas
−1D−1r
(
1− tctc+tmf
)
,
where tc and tmf are the mean duration of a collision,
and the mean time between collisions. At low density
tmf ∝ (vaσ
d−1ρ)−1 ≫ tc, and tc/tmf = φ/φ
∗ [16], so that
D‖ −
Dp(φ)
d
≃
σ2DrPe
2
s
(
1−
φ
φ∗
)2
. (11)
In the above equation, we have taken into account the
contribution of the thermal diffusivity, which is divided
by a factor d accounting for the fact that D‖ is effectively
a one-dimensional diffusivity. The stochastic process de-
scribing the motion resulting from the steps performed
during the collisions is that of a simple random walk,
with step size ∝ σ and step frequency 1/(tc + tmf) ∼
1/tmf ∝ vaφ/σ, so that
D⊥ −
Dp(φ)
d
≃ σ2PeDrφ (12)
To numerically validate these theoretical predictions,
we decompose the instantaneous velocity of particle i
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FIG. 3: Peclet number dependence of rescaled diffusion co-
efficients associated to the motion parallel and perpendicular
to the self-propelling direction of each particle.
in the components parallel and perpendicular to its
self-propelling direction, vi(t) = v
‖
i (t) + v
⊥
i (t), with
v
‖
i = (vi · ni)ni. The time integration of these ve-
locities defines a normal and a tangential displacement,
∆r
i
‖,⊥(t) =
∫ t
0
v
‖,⊥
i (t)dt, from which we estimate the dif-
fusion coefficients, D‖,⊥ = limt→∞〈∆r
2
‖,⊥(t)〉/2t. Fig. 3
shows that these numerical estimates well compare with
the theoretical predictions. The theoretical predictions
fail at small Pe, where the collisional description of the
dynamics is no longer appropriate. Importantly both dif-
fusion coefficients, and in particularD⊥ which describes a
physical process promoting the homogeneous phase, grow
with the Peclet number, and are much larger than the
diffusivity of the passive suspension, which is therefore
negligible. To observe a motility induced phase separa-
tion influenced by the diffusion coefficient of the passive
suspension one would need to consider very small values
of s, so that the critical point is at Pe < 1. In this limit,
our theoretical prediction is expected to break. Indeed,
for s = 0 our model predicts a vertical phase boundary,
and hence a motility-induced phase separation also in
the limit of vanishing motility, while conversely no MPIS
occurs as the system behaves as a thermal one [20].
In summary, we have determined the spinodal line of
ABPs by identifying the physical processes promoting
and suppressing density fluctuations, and balancing their
associated timescales. In particular, we have clarified
that self-propulsion, which promotes phase separation, is
contrasted by two physical processes promoting the ho-
mogeneous phase, one driven by the rotational diffusivity,
the other driven by the motility itself. Noise in transla-
tion, conversely, plays a negligible role. This novel un-
derstanding might allow to extend the nucleation theory
of ABPs, to predict the whole coexistence line [12]. Our
results also suggests that the continuum description of
ABPs relies on an estimation of the effective diffusivity
which should be reconsidered.
This work has been supported in part by the Singapore
Ministry of Education through the Academic Research
Fund MOE2017-T2-1-066 (S) and (M4011873.120),
5by Nanyang Technological University Start-Up Grant
(NTU-SUG: M4081781.120), by the Advanced Manufac-
turing and Engineering Young Individual Research Grant
(A1784C0018) and by the Science and Engineering Re-
search Council of Agency for Science, Technology and
Research Singapore. We thank NSCC for granting com-
putational resources.
∗ Electronic address: r.ni@ntu.edu.sg
† Electronic address: massimo@ntu.edu.sg
[1] Y. Fily and M. C. Marchetti, Physical Review Letters
108, 235702 (2012).
[2] M. C. Marchetti, J. F. Joanny, S. Ramaswamy, T. B.
Liverpool, J. Prost, M. Rao, and R. A. Simha, Rev. Mod.
Phys. p. 1143 (2013).
[3] C. Bechinger, R. D. Leonardo, C. Reichhardt, G. Volpe,
and G. Volpe, Rev. Mod. Phys. 88, 045006 (2016).
[4] M. E. Cates and J. Tailleur, The Annual Review of Con-
densed Matter Physics is Annu. Rev. Condens. Matter
Phys 6, 219 (2015).
[5] B. ten Hagen, S. van Teeffelen, and H. Lo¨wen, Journal
of Physics: Condensed Matter 23, 194119 (2011), ISSN
0953-8984.
[6] P. Romanczuk, M. Ba¨r, W. Ebeling, B. Lindner, and
L. Schimansky-Geier, The European Physical Journal
Special Topics 202, 1 (2012), ISSN 1951-6355.
[7] G. S. Redner, M. F. Hagan, A. Baskaran, and M. Fisher,
Phys Rev Lett 110, 055701 (2013).
[8] T. Speck, J. Bialke´, A. M. Menzel, and H. Lo¨wen, Phys
Rev Lett p. 218304 (2014).
[9] T. Speck, Eur. Phys. J. Special Topics 225, 2287 (2016).
[10] I. Buttinoni, J. Bialke´, F. Ku¨mmel, H. Lo¨wen,
C. Bechinger, and T. Speck (2013).
[11] A. Wysocki, R. G. Winkler, and G. Gompper, EPL (Eu-
rophysics Letters) 105, 48004 (2014).
[12] G. S. Redner, C. G. Wagner, A. Baskaran, and M. F.
Hagan, Phys. Rev. Lett. 117, 148002 (2016).
[13] A. Zo¨ttl and H. Stark, EPL (Europhysics Letters) 103,
30008 (2013), URL www.epljournal.org.
[14] J. Bialke´, H. Lo¨wen, and T. Speck, EPL (Europhysics
Letters) 103, 30008 (2013).
[15] Y. Fily, S. Henkes, and M. C. Marchetti, Soft Matter 10,
2132 (2014), ISSN 1744-683X.
[16] J. Stenhammar, D. Marenduzzo, R. J. Allen, and M. E.
Cates, Soft Matter 10, 1489 (2014).
[17] I. R. Bruss and S. C. Glotzer, Phys. Rev. E 97, 042609
(2018).
[18] M. E. Cates and J. Tailleur, EPL (Europhysics Letters)
101, 20010 (2013).
[19] J. K. G. Dhont, An introduction to dynamics of colloids
(Elsevier, 1996), ISBN 9780080535074.
[20] P. Digregorio, D. Levis, A. Suma, L. F. Cugliandolo,
G. Gonnella, and I. Pagonabarraga, Physical Review Let-
ters 121 (2018).
